ABSTRACT: A recent development of a parabolic equation method for wave propagation in a non-orthogonal coordinate system is reviewed. A transformation of the full governing equation prior to development of any approximation leads to a model whose results stand in closer agreement to laboratory data for a case of waves propagating into a breakwater harbor. The effect of amplitude dispersion on predicted wave height is studied and is also seen to be important for the case considered here. Reflection of obliquely incident waves by a vertical wall is also considered.
INTRODUCTION
Recently, interest has developed in applying the parabolic equation method (PEM) for surface wave propagation in non-Cartesian coordinate systems, with the intent of better approximating one or more aspects of the physical propagation domain or boundaries. Tsay and Liu (1982) developed the PEM in a ray-front coordinate system in order to allow for large-angle refraction over sloping topography. This scheme has recently been extended by Isobe (1986) in order to study the effect of intervening coastal structures. Kaku and Kirby (1988) have studied some general aspects of conformal and nonconformal coordinate transformations, and have applied several conformal transformations to structural diffraction problems. Liu and Boissevain (1988) have developed a non-orthogonal, rectilinear coordinate scheme in order to study wave propagation between two diverging breakwaters. Their model generally performs well in comparison to Isobe's ray-based scheme and data, but exhibits an enhanced amplitude peak along the main direction of propagation in a sheltered harbor, as will be discussed in this paper.
In developing PEM's in alternate coordinate systems, the modeler has a choice to make; either map the governing wave equation into the new coordinates and then develop the PEM, or derive the PEM in Cartesian space and then map the PEM. The two choices do not give equivalent results unless the physical distortion to the Cartesian grid after transformation is small in an asymptotic sense. Liu and Boissevain (1988) chose the second alternative, based on the argument that their rectilinear grid was only a minor distortion of the underlying Cartesian space; this assumption was not adhered to in any of their example calculations, which include grid-line rotations of up to 60° from the original x-y orientation.
In making the second choice for model development, the modeler imposes the condition that the PEM in Cartesian space is the proper choice for the physical problem; the computed results in mapped coordinates are, at best, 'Assoc. then, a correct solution of the Cartesian PEM problem with the computational advantages of having smooth lateral boundaries. However, for boundaries turned at large angles to the ^-propagation direction, it is unlikely that the Cartesian PEM is the best model in the vicinity of the boundary. This factor is not readily apparent in Liu and Boissevain's results, where boundaries are always in shadows of the geometric optics approximation. . In this study, we reexamine the model developed by Liu and Boissevain (1988) from the point of view of the first choice. Model equations and the PEM are developed and compared to Liu and Boissevain model. We consider a particular example of waves propagating into a harbor formed by two diverging breakwaters, which has been previously studied by Isobe (1986) and Liu and Boissevain (with experimental data from Isobe). The influence of nonlinear effects on the evolution of the wave amplitude envelope is studied using a revision to the PEM based on Stokes theory. We then consider an additional example that emphasizes the presence of a reflecting (rather than shadowing) boundary.
MODEL DEVELOPMENT
We consider PEM's developed for a fan-shaped grid system shown in Fig.  1 . The coordinate transformation may be written as
as given by Liu and Boissevain (1988) . Angles 6i and 0 2 are both defined to be positive in the right-handed sense in (x,y). The (w,v) domain is a rectangular Cartesian grid given by {0 £ « < i,; 0 s v £ vj. The governing equation to be considered is the mild-slope equation (Berkhoff 1972) given by
The transformation given by Radder (1979) •n = p~U 2 $ The last term may be neglected, since the mild-slope equation considers effects only to first order in bottom slope. This then yields a variable-coefficient Helmholtz equation. On reflective boundaries oriented at angle 6 to the ;c-axis, the reflective boundary condition dn/dn = 0 may be written as
Applying the transformation of Eq. 5 then gives
Review of Liu and Boissevain's Model Liu and Boissevain (1988) proceed from Eqs. 6 and 8 by constructing the PEM in (x,y) space. Using the substitution
in Eq. 6 and neglecting i^ gives
where k 0 = a reference wave number value. It is thus assumed that the wave phase surface corresponds at leading order to a plain wave propagating in the x-direction. A similar substitution of Eq. 9 in Eq. 8 yields the full boundary condition
Further, assuming tan 6 to be small and retaining leading-order terms reduces Eq. 11 to 1 ik -r' fto tan 8i|/ p y ty = 0 (12) 2p Liu and Boissevain (1988) without further approximation. [We avoid writing out derivatives related to the coordinate transformation explicitly; these are easily obtained from Eqs.
1-2.] Present Model
We now compare the previously derived PEM to one developed directly in the (H,V) space. Applying the transformation from Eqs. 1-2 directly to Eq. 6 gives the model equation
where terms evaluating to zero have been eliminated. Here
where terms equaling zero have also been eliminated. Noting thatx" = 1 and hence a = J 2 , we rewrite Eq. 15 in the form
<k» -ji 4>"v + j 2 4>w + v^r + ^ = o (20)
Now, following Liu and Boissevain (1988) , we factor out a reference phase function according to Eq. 9. SubstitutingEq. 9 in Eq. 20 then gives
It is only necessary to drop the *\i m term in order to parabolize the governing equation, and, indeed, retention of the mixed-derivative v)i" v term was found to be critical in obtaining accurate results of the "Reflection from Inclined Breakwater." Using Eqs. 16-19, the most general model that can be handled by the standard Crank-Nicolson method is given by
This result may also be obtained using standard splitting matrix techniques as long as the order of the term 4> uv is not reduced by the splitting; see, for example, Radder (1979) .. The present model Eq. 22 differs from Liu and Boissevain's (1988) model in the coefficients of >| > v and i|; vv and in the presence of the i| >" v term. The modifications to the parabolic equation obtained here are of order tan 2 G and are negligible if Liu and Boissevain's arguments hold. The additional terms also represent the computationally tractable portion of the original term ij^ that arises due to the nonconformal transformation; their inclusion produces a quasi-large-angle model which, however, cannot be related to the large angle approximation of the Cartesian form by consistent expansion techniques. It was further found that a stable numerical scheme including the mixed-derivative term could not be implemented for the case where the physical domain expands in width, but that no problem occurred for the case where the domain contracts in width. This result is not understood at present and requires further investigation. Due to this problem, model results in the "Waves in Breakwater Harbor" section were obtained neglecting i|i" v , while results in the "Reflection from Inclined Breakwater" section were obtained retaining i|i" v .
Applying the coordinate transformation from Eqs. 1-2 to the lateral boundary, the condition in Eq. 8 gives, without further approximation
Substituting Eq. 9 in Eq. 23 then gives the boundary conditions on i|i
The full boundary condition may be incorporated in the numerical scheme without difficulty and is thus not further approximated. Extensive numerical experimentation showed that retention of the i|/" term (which is neglected in Liu and Boissevain's model) was required for accuracy when the ty m term is included in the governing equation, Eq. 22. The revised model, Eq. 22, together with boundary conditions, may be written in Crank-Nicolson form, as in Liu and Boissevain (1988) . In order to facilitate comparisons with the original model of Liu and Boissevain (1988) , the numerical scheme used here was developed to encompass both approximations. Isobe (1986) has presented data for wave heights inside a breakwater harbor. The experimental arrangement is indicated in Fig. 2 . Isobe gives the incident wave conditions in the deep portion of the basin as incident direction 6 7 = 18°, wave height H t = 9.1 cm, and wave period T = 0.835. These values were transformed to the harbor entrance using Snell's law, and then the parabolic model was applied in order to compute wave heights at transect B -B' indicated in Fig. 2 . Computations were done using grid resolutions that were similar to those chosen by Liu and Boissevain (1988) .
WAVES IN BREAKWATER HARBOR

Linear Model Results
Results on transect B -B' are given for Isobe's model, Liu and Boissevain's (1988) model, and the present model in Fig. 3 . The enhanced wave height peak in Liu and Boissevain's calculations is apparent. The results of the present model agree quite well with the model predictions of Isobe, suggesting that both are consistent models for the problem at the level of approximation used. Both Isobe's model and thepresent model still overpredict wave height in the center of the harbor in essentially the same manner; this facet of the problem is discussed next in the context of nonlinear effects. 
Nonlinear Effects
The results of several recent studies [Kirby and Dalrymple (1983, 1984 ); Liu and Tsay (1984) ] have indicated the importance of nonlinear effects on the evolution of wave trains that have been focused by topographic variations. For the case of gravity waves, nonlinearity has a spatial smoothing effect (defocussing behavior), which tends to reduce high amplitude peaks. The effect of nonlinearily on the increased rate of smoothing of amplitude variations across a simple shadow boundary arising in constant-depth diffraction has also been demonstrated by Yue (1980) . The model PEM, Eq. 22, may be simply extended to include the effect of amplitude dispersion consistent with Stokes' third order theory, following Kirby and Dalrymple (1984) . Kirby and Dalrymple suggested that nonlinearity in the mild slope equation could be simply represented according to 0"U)x + (PV> + *fal -K 2 -<**ft = ° (25) when t] is assumed to represent a single progressive wave; and w' = the nonlinearly distorted frequency in Stokes theory, given by
where a = the wave amplitude and D is given by The resulting modifications to the Cartesian and (u,v) PEM's follows directly after substituting Eq. 9 in Eq. 28 or the mapped form of the equation. These results may also be obtained more rigorously using multiple-scale expansions or similar means.
The nonlinear form of the present model was run for the case described here. For this test, wave steepness, k^a at the harbor entrance was estimated to be 0.28, which is quite large, indicating the importance of nonlinearity. At the same time, the Ursell parameter (&oa)/(&o/i) 3 = 0.11 « 1 at the entrance, indicating that Stokes' theory is valid for the example. Results on the B -B' transect are shown in Fig. 4 . The results show a reduction in wave amplitude below that predicted by the linear PEM's, and that the new predictions are in better agreement with the experimental data.
The inclusion of nonlinearity definitely improves model-data agreement, indicating the role played by nonlinearity in enhancing the lateral spread of energy away from regions with high waves. There is a remaining trend towards overall overprediction of data, which could result from a number of 679 factors. Stokes waves in the steepness range indicated here should be subject to the onset of side-band and subharmonic instabilities. These instabilities are likely to be present in the experimental wave field but are not present in the computational results, leading to possible discrepancies. Additionally, the incident wave condition, estimated from gages in the open portion of the basin, may have been contaminated to some extent by the presence of waves back-scattered by the breakwater structure. Finally, the effects of slight reflection of the incident wave by the depth transition offshore of the harbor, and of the gradual accumulation of frictional damping between the offshore incident wave measurement and the measurement transect B -B', would both act to reduce measured wave heights below computed values.
REFLECTION FROM INCLINED BREAKWATER
The second example considers the reflection of waves that are obliquely incident on a semi-infinite vertical wall. Referring to Fig. 1 , we take the wall to lie along the right-hand boundary, and thus 9 t represents the inclination of the wall, with incident waves travelling in the x-direction. We then take 0 2 = 0 and y b large enough so that the boundary on the left does not interfere with the development of the reflection pattern. All computations were performed using a step size Ax = 0.05L, where L is the incident wavelength. For the case of linear waves, the solution to the problem is known from the original Sommerfeld diffraction problem. Several plots of analytic results were taken from Isobe (1986) and are used here for comparison. Results are plotted as relative wave height Hi/H as a function of either radial distance R/L along the breakwater or as a function of y/L along a transect located at x = 5L.
For the case of linear theory, results were obtained using both the model of Liu and Boissevain (1988) and the present model with the mixed-derivative 4<" v retained. Fig. 5 shows a plot of wave height distributions along the breakwater for angles of inclination 9i = 15°, 30°, and 45° obtained from theory and Liu and Boissevain's model. The results of the present model for wave height distribution along the wall are in quantitative agreement with Liu and Boissevain's model results and are not shown. Fig. 6 shows a comparison between the Liu and Boissevain model's results and theory for a transect along x = 5L and for 6i = 15° and 30°. Oscillations of the wave height envelope are seen to die out faster than theory indicates as distance from the wall increases. This result is to be expected from any lowest-order parabolic approximation, such as the models considered here; see Kirby (1986) . The numerical results also exhibit a faster spatial oscillation near the position of the wall than is predicted by theory. This result is a property of Liu and Boissevain's small-angle approximation in the original Cartesian (x,y) . We note that the model of Isobe exhibits almost exactly the same behavior as the results shown here before his special correction for reflecting boundaries is made. waves become large. Fig. 8 shows a direct comparison of results of Liu and Boissevain's model and the present model for x = 5L and 8i = 45°. In this case, the reflected wave at large distances along the wall is travelling perpendicular to the *-axis, which is the worst case that can be treated within the limits of a PEM. In this case, the physical wave height envelope should oscillate with a spatial period of L in the y-direction, which is oriented in the direction of the reflected waves. Results of the present model are seen to predict this rate of oscillation quite accurately. This result is remarkable in that the present PEM is a lowest-order approximation, in the sense that no corrections are attempted for the neglected >(»"" term, and the model would be expected to be quite inaccurate in this extreme condition. The unexpected good agreement with theory is undoubtedly due to the portions of the original v)/ xv term picked up in the transformation. The breakdown of the Liu and Boissevain model in this extreme case is apparent.
As a final comment, we remark again that the effects of nonlinearity on the spatial evolution of a wave field can be significant. Fig. 9 shows the wave height evolution along the inclined wall for an angle of incidence 6 = 15° and for initial wave steepnesses ka = 0 (linear theory), 0.2, and 0.3. The reduction in runup with increasing amplitude is characteristic of the Mach stem effect, in which the simple linear reflection pattern is replaced by the generation of a wave crest travelling parallel to the wall, with the reflection pattern then shifted seaward of the wall position (Yue and Mei 1980) . Corresponding plots of relative wave height along the x = 5L transect are shown in Fig. 10 for the same three initial steepnesses.
CONCLUSION
In this presentation, we have tried to emphasize the importance of maintaining consistency in the development of approximate governing equations for wave propagation. The results indicate the danger of applying a coordinate transformation to an already approximate form suited to a different coordinate system. We suggest that transformations should always be made in the context of the full governing equation, before any choices of scale relations are applied in order to reduce complexity.
Finally, we wish to emphasize again that the effect of nonlinearity on spatial evolution of a wave field is of importance, even in the weakly nonlinear Stokes regime, and should not be neglected in any context if the ability to include it is available.
The model and results presented here may be further improved by the incorporation of higher-order (or large-angle) effects following Kirby (1986) . These effects are discussed in the context of conformal grid transformations by Kaku and Kirby (1988) and are presently being developed for the nonorthogonal coordinate case. In addition, the problem of formulating boundary conditions for the mixed-derivative model in the case of an expanding domain needs further attention. 
